In the metagenomics studies, testing the association of microbiome composition and clinical conditions translates to testing the nullity of variance components. Computationally efficient score tests have been the major tools. But they can only apply to the null hypothesis with a single variance component and when sample sizes are large. Therefore, they are not applicable to longitudinal microbiome studies. In this paper, we propose exact tests (score test, likelihood ratio test, and restricted likelihood ratio test) to solve the problems of (1) testing the association of the overall microbiome composition in a longitudinal design and (2) detecting the association of one specific microbiome cluster while adjusting for the effects from related clusters. Our approach combines the exact tests for null hypothesis with a single variance component with a strategy of reducing multiple variance components to a single one. Simulation studies demonstrate that our method has correct type I error rate and superior power compared to existing methods at small sample sizes and weak signals. Finally, we apply our method to a longitudinal pulmonary microbiome study of human immunodeficiency virus (HIV) infected patients and reveal two interesting genera Prevotella and Veillonella associated with forced vital capacity. Our findings shed lights on the impact of Biometrics 000, 1-22 DOI: 000 000 0000 lung microbiome to HIV complexities. The method is implemented in the open source, high-performance computing language Julia and is freely available at https://github.com/JingZhai63/VCmicrobiome.
Introduction
Technology advances led to a much deeper understanding of microbes and their link to human health (Eckburg et al., 2005; Haas et al., 2011; Hodkinson and Grice, 2015; Kuleshov et al., 2016; Wang and Jia, 2016) . In particular, for the pulmonary microbiome, Rogers et al. (2010) hypothesized that microbial lung community might exist and can be considered as a unique, distinct pathogenic entity. The culture-independent microbial detection method, 16S ribosomal RNA (rRNA) gene sequencing, demonstrated the existence of pulmonary microbiome, both in healthy (Erb-Downward et al., 2011; Morris et al., 2013; Twigg et al., 2013 ) and disease populations (Lozupone et al., 2013; Zemanick et al., 2011) .
The Lung HIV Microbiome Project (LHMP) (Grubb et al., 2006) studies the respiratory microbiome of HIV-infected patients and how the highly active antiretroviral therapy (HAART) may alter its construction. A longitudinal cohort of HIV-infected subjects were collected before and up to three years after starting HAART. For a quantitative phenotype in a longitudinal design, one can propose
where y, X, G and ε are the vertically stacked vectors/matrices of y i , X i , G i and ε i . y i is a vector of n i repeated measures of a quantitative phenotype for individual i. X i is the n i × p covariate matrix. G i is an n i × u Operational Taxonomic Unit (OTU) abundance matrix for individual i (u is the total number of OTUs). These OTUs are related by a known phylogenetic tree. ε i is an n i × 1 vector of the random error. Z i = 1 n i links the random intercept b i to y i . Z is a block diagonal matrix with Z i on its diagonal. β is a p × 1 vector of fixed effects. b = (b i ) is the subject-specific random effects. K is a kernel matrix capturing distances between individuals, e.g., the UniFrac distance (Lozupone and Knight, 2005) or the Bray-Curtis dissimilarity (Bray and Curtis, 1957 ) (Web Appendix A). Therefore,
σ 2 g is the phenotypic variance explained by microbiome. σ 2 d is the phenotypic variance due to the correlation of repeated measurements, and σ 2 e is the within-subject variance that cannot be explained by microbiome and repeated measurements. To detect the overall microbiome association is to test H 0 : σ (Zhao et al., 2015; Zhan et al., 2017) . In this example, the extra variance component σ 2 d is necessary to capture the correlation between repeated measurements.
After the overall association is identified, localization of the signal to a specific component of the microbial community is essential for downstream mechanistic studies and drug discoveries. For instance, Jangi et al. (2016) found that multiple sclerosis patients had significantly increased abundance of the phylum Euryarchaeota. However, such fine cluster effects can be tagged by other correlated microbial in the community (Gilbert et al., 2016) , leading to false positive discoveries. To detect association from specific taxonomic clusters, distances and kernel matrices can be formulated using abundances and tree information only from a specific cluster. Overall microbiome effects are then partitioned into different clusters at the same taxonomic level. That is
where L is the total number of clusters. We are now interested in testing specific taxonomic cluster effects:
Current methods for testing null variance component in model (2) and model (3) are based on either asymptotics or parametric bootstrap. Under the assumption that the response variable vector can be partitioned into independent and identically distributed (IID) subvectors and the number of independent subvectors is sufficient, asymptotic null distribution of the likelihood ratio, Wald, and score tests are available (Self and Liang, 1987; Stram and Lee, 1994; Silvapulle and Sen, 2011) . However, the asymptotic approximation deteriorates when the data are highly correlated without a sufficient number of independent blocks. When m = 1, Crainiceanu and Ruppert (2004) developed a computational procedure for obtaining the approximate finite-sample distribution of the likelihood ratio and restricted likelihood ratio test statistics. Greven et al. (2008) provided a pseudolikelihood-heuristic extension of this method to the m > 1 situation. Later Drikvandi et al. (2013) proposed a permutation test that does not depend on the distribution of the random effects and errors except for their mean and variance and can be applied to the m > 1 situation. However, the permutation test is computationally prohibitive for high dimensional tests. Qu et al. (2013) (Chen and Dunson, 2003; Kinney and Dunson, 2007) , but they can be time-consuming, especially when the number of random effects is large.
In this article, we propose methods of performing exact likelihood ratio test (eLRT), exact restricted likelihood ratio test (eRLRT), and exact score test (eScore) of a variance component being zero for the finite sample. Our approach combines the corresponding exact tests for the m = 1 case with a strategy of reducing the m > 1 case to the m = 1 case (Ofversten, 1993; Christensen, 1996) . Our method is the first one that provides eLRT, eRLRT, and eScore for testing zero variance component when multiple variance components are present (m > 1).
Methods

Exact tests with one variance component under H 0
We briefly review the three exact tests, eLRT, eRLRT, and eScore, for testing H 0 : σ
Note the change of notation for general modeling. In the previous motivating microbiome example, σ 2 1 = σ 2 g and V 1 = K, the kernel matrix calculated from microbiome abundances. A slight extension allows for testing the more general case V = σ 2 e V 0 +σ 2 1 V 1 , where V 0 ∈ R n×n is a known positive semidefinite matrix. Let t = rank(V 0 ). Given the thin eigen-decomposition
and the
eLRT and eRLRT (Crainiceanu and Ruppert, 2004) or the eScore test (Zhou et al., 2016 ) can be applied to T y.
Let λ = σ 
where P X = X(X X) −1 X is the projection matrix onto the column space C(X),
λ . Let {ξ 1 , . . . , ξ } be the positive eigenvalues of V 1 and {µ 1 , . . . , µ k } the positive eigenvalues of
where, under the null, w i are (n − s) independent standard normals. Under the alternative, 
The null distribution for eRLRT can be obtained from computer simulation (Web Appendix B, Algorithm 2). Algorithms 1 and 2 in Web Appendix B contain a univariate optimization for each simulated point from the null distribution and can be computationally intensive for obtaining extremely small p-values. To further reduce computational burden, we adopt the Satterthwaite method to approximate the null distributions (Zhou et al., 2016) .
For eScore, it is easier to work with the original parameterization V = σ
, where the information matrix and score are evaluated at the maximum likelihood estimator (MLE) under the null. The resultant test rejects the null when
is large. Let {µ 1 , . . . , µ k } be the positive eigenvalues of (I − P X )V 1 (I − P X ). Then
where w i are n − s independent standard normals. The null distribution can be obtained from computer simulation as shown in Algorithm 3 in Web Appendix B or inverting the characteristic function (Zhou et al., 2016) . Both options, simulation (Web Appendix B, Algorithms 1, 2, and Algorithm 3) and approximation of null distribution, are available in our program, https://github.com/JingZhai63/VCmicrobiome. We first obtain an orthonormal basis
is an orthonormal basis of R n − C(X, V 1 , . . . , V m ). Denote their corresponding ranks by
and eLRT, eRLRT and eScore can be applied to Q m Y . The order
we construct a test based on the transformed data Q m−1 Y + CQ m+1 Y . Without loss of generality we assume Q m−1 is nontrivial. If r m−1 = 0, we use Q m−2 and so on. We consider the following cases: 
which is the case (4). eLRT, eRLRT and eScore can be applied without using the CQ m+1 y piece.
where the scalar ζ is chosen such that ζ
W be the eigen-decomposition, ζ be the smallest positive eigenvalue, and C = W diag( δ i /ζ − 1). Then the transformed data
and the test for case (2.1) can be applied. A larger ζ leads to a higher signal-to-noise
and thus a more powerful test. Finally we test H 0 : σ 2 m = 0 using eLRT, eRLRT or eScore test on the transformed data,
We note that if in some applications that matrices have high or full rank, consuming most or all available degrees of freedom after above reduction strategy. One could proceed with a low rank approximation. For example, if m = 2 and V 1 has high or full rank, one could find rank r V 1 approximation of V 1 as follows: let r K = rank(V 2 ), Q 0 is an orthonormal basis of C(X), and r 0 = rank(Q 0 ). A rank r V 1 n−r 0 −r K 2 approximation of V 1 is suffice to perform testing. Details can be found in the software's documentation (http://vcmicrobiomejl.
readthedocs.io/en/latest/).
Simulation
We evaluate the performance of the exact tests for longitudinal microbiome study in three simulation scenarios (Table 1) .
Longitudinal microbiome count data with 2 repeated measurements are simulated using the R package ZIBR (Zero-Inflated Beta Random Effect model) 4 (Maidak et al., 1996) . The phylogenetic tree at the OTU level is generated using the RDP classifier (Twigg III et al., 2016) . We construct the higher taxon level, e.g., phylum, using the phylogenetic tree generator phyloT (2006) [ Table 1 (Chang et al., 2011) , and generalized UniFrac distance with parameter α = 0.0 and 0.5 (Chen et al., 2012) .
Scenario 2: Localizing fine microbiome cluster effects. We cluster OTUs into 6 phyla, Actinobacteria, Bacteroidetes, Fusobacteria, Proteobacteria, Firmicutes, and other. We assume that only cluster other, h(G 1i ), has effects. That is y ∼ N ( for the effects of h(G 1i ). We present testing of variance components in a joint model has correct type I error.
Scenario 3: Comparing with existing methods. We compare our method with MiRKAT (Zhao et al., 2015) and LinScore (Qu et al., 2013) . As MiRKAT can only be used for testing overall microbiome effects for cross-sectional designs, we first compare three methods when σ
Responses are generated according to simulation scenario 1, where σ 2 g = 0, . . . , 1.5.
In scenario 1 and 2, the sample size is fixed at n = 100. In scenario 3, we compare the performance of three methods under different sample sizes 20, 30, 50 and 100. The performance of five different kernels is compared in scenario 1. For scenarios 2 and 3, we focus on the weighted UniFrac distance kernel only, which has superior power in simulation scenario 1 than other kernels. 1000 Monte Carlo replicates are generated for all simulations and we use the nominal significance level 0.05 to evaluate type I error and power.
Results
Simulation Results
Scenario 1: Testing overall microbiome effect. The type I error rate of eRLRT, eLRT and eScore tests with various distance kernel matrices using real longitudinal OTU count data are shown in Table 2 . Figure 1 shows the power comparison with different kernels. In Figures 1a and 1c , five different kernels are constructed using OTU count data directly. In Figures 1b and 1d , OTU counts are summarized at the phylum level for kernel calculations. . This is because when the reads are summarized at the higher phylum level, the difference of abundance between each phylum is less notable. The less variation of abundance for each lineage, the more similar power for detecting microbiome association among each kernel types. As expected, reducing variance components leads to reduced degrees of freedom for association testing and the test is slightly less powerful in the longitudinal study compared to the cross-sectional study given the same effect strength.
[ Table 2 Scenario 2. Localizing fine microbiome cluster effects. Table 3 shows the type I error rates for testing microbiome effect at the phylum level, with and without adjusting for the effect contributed by cluster, other. Most of the type I error rates are inflated when not adjusting for cluster other effects. In cross-sectional design, the type I error rates of
Bacteroidetes and Proteobacteria stay correct due to its weak correlation with cluster other (Pearson correlation = 0.04, 0.11 with p-value = 0.70, 0.24, respectively). After adjustment, type I error rates stay correct even when confounding effects are large (Table 3 ).
In practice symbiosis of bacteria causes correlation between them (Xu et al., 2007; Dickson et al., 2013; Zeng et al., 2016) . Medication targeting of specific pathogens can minimize damage to essential symbiotic microbial species, and preserve community structure and function in the healthy (and developing) microbiome (Hicks et al., 2013; Blaser, 2016) .
Simulation scenario 2 demonstrates that our method is equipped to localizing fine microbiome cluster effects.
[ Table 3 about here.]
Scenario 3: Comparing to existing methods MiRKAT and LinScore. Table 4 presents the type I error rate and power for eRLRT, eLRT, eScore, MiRKAT and LinScore tests in detecting overall microbiome effects. The power is presented for both cross-sectional and longitudinal studies with sample size from 20 to 100. eRLRT and eLRT outperform LinScore and MiRKAT in baseline simulation studies. For simulation with repeated measurements, eRLRT outperforms LinScore under small sample sizes. For sample size n = 100, eRLRT has similar or slightly higher power comparing to LinScore when association strength is weak.
Microbiome studies usually have limited sample size due to the high cost. Higher power of the exact tests at small sample sizes will be particularly valuable for biologists and physicians to identify the associated microbiome clusters.
[ Table 4 about here.]
Analysis of Longitudinal Pulmonary Microbiome Data
It is known that HIV infection is associated with alterations in the respiratory microbiome (Twigg III et al., 2016) . However due to the limited investigation, the clinical implications of lung microbial dysbiosis are currently unknown. As the initial step to reveal the mechanistic of respiratory microbiome to pulmonary complications in HIV-infected in- Molyneaux et al. (2012) . We then focus on analyzing genera from both phyla Bacteroidetes and Firmicutes given their important status in normal lungs (Cui et al., 2014) . Only by eRLRT and eScore, genus Prevotella, Porphyromonas,
and Parvimonas show significant effects on FEF and FEV1 (Table 5 ). Genus Veillonella shows significant association with FEF. It appears that both Parvimonas and Veillonella in phylum Firmicutes are significantly associated with FEF and both genus Prevotella and Porphyromonas in phylum Bacteroidetes are significantly associated with FEF and FEV1.
We therefore perform the test in a joint model to localize fine cluster effect. Interestingly, by eRLRT the significant association between genus Parvimonas and FEF still remains after adjusting for the effects from genus Veillonella. But the opposite is not true. This supports the previous studies that Parvimonas abundance changed in subjects with pulmonary disease (e.g., asthma or COPD) comparing to the control group (Pragman et al., 2012; Kim et al., 2017) . However, either Prevotella or Porphyromonas lost its significance when adjusting for the other. This likely suggests that Prevotella and Porphyromonas are correlated and both tag effects to lung function. In comparison, LinScore only detects the significant microbiome effect of Bacteroidetes with FEF. Our results further support the conclusions from previous studies and shed lights for future clinical causality research (Twigg III et al., 2016; Weiden et al., 2017; Segal et al., 2017) . None of the tests (exact tests, LinScore, and MiRKAT) identify significant associations using only baseline data (results not shown).
[ Table 5 about here.]
Discussion
In this report, motivated by a longitudinal pulmonary microbiome study, we develop and implement three computationally efficient exact variance component tests (eScore, eLRT, and eRLRT). Our method extend previous exact variance component tests to the case when the null hypothesis contains more than one variance component (Zhou et al., 2016) . They can be applied to longitudinal studies testing the overall microbiome effects, as well as crosssectional studies identifying microbiome associations at fine-grained level. The latter has been emerging as the focus of many current microbiome studies (Nayfach et al., 2016; LloydPrice et al., 2017; Truong et al., 2017) . Unlike Qu et al. (2013) and Zhao et al. (2015) 's score test that uses moment-matching to approximate null distribution, our tests are exact in finite samples, therefore beneficial to the studies with limited sample size. Compared to score test, our eLRT and eRLRT tests can further boost testing power when microbiome effects are weak. Simulation studies verify that our exact tests have correct size and many innovative utilizations. In the application to the real longitudinal pulmonary microbiome study, only our exact tests detect multiple interesting genera associated with lung function. We then further demonstrate the ability of our exact tests to differentiate associated genus by two real data examples. Although the derivation of eLRT and eRLRT require normality assumption, a sensitivity simulation shows that even with a misspecified phenotypic distribution, like tdistribution, our tests still preserve correct Type I error rate (Web Appendix E, Table 2 ). The software package is implemented in the open source, high-performance technical computing language Julia and is freely available. We also offer many types of distance calculation to further ease the computation and advance microbiome studies.
There are a few directions for future work. First, there are linear mixed effects models not of form (3), for example, those include both random intercepts and random slopes (Drikvandi et al., 2013) . Our methods extend to these cases naturally and we defer them to future research. Second direction is to incorporate multiple types of kernels into exact tests.
Last we consider extension to the generalized linear mixed effects models, although it can be challenging especially for LRT and RLRT. Score-based tests may be possible through penalized quasi-likelihood (PQL) (Lin, 1997; .
Software
A Julia package is freely available at https://github.com/JingZhai63/VCmicrobiome.
Supplementary Materials
Web Appendix, Tables, and Figures MiRKAT at baseline when #Repeat = 1. When #Repeat = 2, only LinScore is compared with eRLRT and eScore. Sample sizes (n) range from 20 to 100 and effect sizes (σ 2 g ) range from 0 to 1.5.
Effect Size (σ Table 5 Application to the longitudinal pulmonary microbiome studies. eRLRT, eScore, and LinScore are used to detect association. Genus Porphyromonas and Prevotella belong to phylum Bacteroidetes while genus Veillonella and Parvimonas belong to phylum Firmicutes. Upper panel shows the testing results at phylum level, while lower panel shows the results at genus level. P -values less than 0.05 are highlighted in bold font. P -values in parenthesis show the results from a joint model where significant genus in the same phylum are included. 
